We propose a theoretical framework for the detection of order parameter fluctuations in three dimensions using ultrafast coherent phonon spectroscopy. We focus our attention on long wavelength charge density fluctuations (plasmons), and charged nematic fluctuations where the direction of the propagation vector is fixed perpendicular to the plane of anisotropy. By treating phonons and light classically and decoupling interactions to integrate out the fermionic degrees of freedom, we arrive at an effective theory of order parameter fluctuations about the spatially uniform saddlepoint solution. We find that, due to the (k 2 x − k 2 y )(B1g) symmetry of the form factor appearing in the vertex, nematic fluctuations couple to light only at fourth order, unlike isotropic density fluctuations which couple at second order. Hence, to lowest order, the interaction between electrons and the electromagnetic field contributes a driving force for plasmon oscillations while it provides a frequency shift for nematic fluctuations. From the resulting coupled harmonic oscillator equations of motion, we argue that ultrafast coherent phonon spectroscopy could be a useful tool to extract and analyze various electronic properties of interest such as the frequency of the collective mode and the coupling between electrons and phonons. Specific experiments are proposed on the normal state of FeSe to observe the frequency shift predicted here resulting directly from orbital ordering (nematic) fluctuations.
INTRODUCTION
Order parameter fluctuations have thermodynamic and transport signatures [1] , and can also be detectable by local probes such as Muon Spin Resonance (µSR) [2, 3] , Nuclear Magnetic/Quadrupole Resonance (NMR/NQR) [4, 5] and Scanning Tunneling Microscopy (STM) [1] . Useful as they may be, all of these measurements are only indirect probes of fluctuations since they are insensitive to both spatial and temporal information. So far, spin and charge order fluctuations have been best probed in the frequency domain through neutron scattering [6, 7] and inelastic X-ray scattering [8] or momentum resolved electron energy loss spectroscopy [9] respectively, as they contain both spatial and dynamical properties. More recently, Raman scattering in the frequency domain has found increased utility due to its ability to probe orbital and charge nematic fluctuations [10] [11] [12] for certain polarization geometries.
While the aforementioned frequency domain measurements have already provided a wealth of information on order parameter fluctuations in a variety of materials, the corresponding time-domain measurements are only now being explored with considerable success [13] . Time domain measurements have the added advantage of observing fluctuating modes directly, provided the temporal resolution is at least equal to the inverse fluctuation scale of the boson. They also enable a direct extraction of the frequency and lifetime of the fluctuating mode, and as we will see below, the coupling to other modes such as phonons. Evidence of charge density wave fluctuations [14] [15] [16] [17] [18] [19] [20] as well as indirect indications of spin fluctuations [21] [22] [23] have been reported by several groups.
While amplitude modes of the charge density wave seem to be long-lived, the phase modes for a finite momentum vector are overdamped [14] and as a result are barely observable. Hence, the presence of long-lived fluctuating modes is an essential prerequisite for the observation of oscillations in ultrafast time domain spectroscopy. This statement appears facile at first sight−the life-time of the fluctuating mode is independent of whether the measurement is done in time or frequency domain, and decay rates measured in one domain would be expected to carry over to the other. This extension, however, is a non-trivial problem since time domain spectroscopy is inherently out of equilibrium. Therefore, well-known equilibrium results such as the decay rate-self energy relationship and Matthiesen's rule do not generally continue to hold in a non-equilibrium setting [24, 25] except in the weak-probe limit.
The use of coherent phonons in ultrafast spectroscopy to elucidate the electronic ground states in solids has been well documented [26] [27] [28] [29] [30] [31] . Typically, in a pumpprobe measurement, the pump pulse excites multiple fluctuating modes as the excitation energies lie in a similar energy window. Eventually these modes become coupled to one another, and hence one must disentangle the electronic information from the data [32] . This is especially true for the high temperature superconductors since the typical energies of a coherent optical phonon is roughly 5 THz which significantly overlaps with the excitation energies of nematic and spin fluctuations. In these materials, coherent phonon oscillations have been generated [33] and studied both experimentally [34] [35] [36] and theoretically [37] fluctuations in the phenomenology of such materials, few theoretical studies have shed light on the role of fluctuating modes on the oscillations, and no general theoretical framework has been laid.
In this work, we provide such a framework by the theoretical principles for probing electronic fluctuating modes through ultrafast coherent phonon spectroscopy via the interaction between electronic and lattice modes. Our focus will be on two long wavelength collective modes: plasmons and nematic fluctuations where the direction of the propagation vector is fixed perpendicular to the plane of anisotropy. We treat phonons and the electromagnetic field classically, Hubbard-Stratonovichize the interactions, and integrate out the fermionic degrees of freedom to obtain an effective theory of order parameter fluctuations about the uniform saddle-point solution in the disordered phase. Using perturbation theory, we derive the equations of motion for phonons and the collective mode at zero momentum, resulting in a set of coupled differential equations. We find that, due to the (k 2 x − k 2 y )(B 1g ) symmetry of the form factor appearing in the vertex, nematic fluctuations couple to light only at fourth order, unlike isotropic density fluctuations which couple at second order. Hence, to lowest order, the interaction between electrons and the electromagnetic field contributes a driving force for plasmon oscillations while it provides a frequency shift for nematic fluctuations. Finally, we solve the coupled equations of motion and show how one can extract various electronic properties of interest such as the frequency of the collective mode and the coupling between electrons and phonons.
PLASMONS
We begin by recalling the dynamics of zero momentum density fluctuations in three dimensions. The action for electrons with long range Coulomb interactions is given by
where we have suppressed the indices in the electron Grassmann variables,ψ ≡ψ σ (r, τ ), and similarly for the primed quantities. Here, µ is the chemical potential and β is the inverse temperature. Using standard many body techniques [38] , one can arrive at the effective action for the density order parameter fluctuations (σ q ) about the saddle-point solution σ q = 0 given by (in the limit
where q denotes a collective variable, q ≡ (iq n , q), containing the Matsubara frequency iq n and momentum q,
is the plasmon frequency, n is the electron density and k f is the Fermi momentum. We have also used the same notation σ q for the fluctuating field. Note that an expansion in v f |q| ω 1 is possible due to the low energy plasmon gap. For a spatially uniform fluctuating order, the equations of motion for S e [σ] yield a simple harmonic oscillator with frequency ω p . In the presence of an external gauge field and phonons, the action becomes modified to include minimal coupling between electrons and the electromagnetic field, and the electron-phonon interaction. The total action is given by
Here A i are the components of the vector potential A, V (r − R i ) is the potential coupling the lattice to the electrons, and S ph [P, Q] is the lattice part of the action which, in momentum space, can be treated as a collection of harmonic oscillators of the form
(Ω q is the frequency of mode Q q with canonical momentum P q ). Henceforth, we will also ignore any interaction between phonons and light. Decoupling the quartic interaction and introducing the HubbardStratonovich field φ(r), we rewrite the action as
whereĈ
and the non-interacting Green function is given by G
2m − µ. We next treat the electromagnetic field and lattice vibrations classically [27, 28] , integrate out the fermions, and find the saddle-point solution. We will work in the limit where electrons are only weakly coupled to phonons and the electromagnetic field, and hence the saddle-saddle-pointpoint solution is not drastically affected. To the zeroth order approximation, this means that we can perform a perturbation expansion for the fluctuations about the original saddle-point solution φ q = 0. The lowest order terms in the fluctuation expansion contribute to the equations of motion for the phonons and the order parameter field trivially because the terms proportional to the gauge fields are independent of the electron density or lattice fluctuations, and the term proportional to the electron-lattice interaction potential only shifts the zero of the oscillations and can thus be ignored. The second-order terms in the expansion which couple the density fluctuation to light are dictated by gauge invariance and, in the limit of
by (in terms of the rescaled function
In the same limits, the coupling between the density fluctuations to phonons yields
where N 0 is the density of states at the Fermi level and ξ q is the matrix element for electron-phonon interactions in momentum space. The form of ξ q is important for the discussions to follow. As we are interested in the zeromomentum transfer limit, the coupling between the order parameter and phonons for a single band goes to zero unless the matrix element diverges as ξ q ∼ 1 |q| . Such a form of the matrix element typically occurs for electrons interacting with lattice displacements through long-range Coulomb interactions. In a multi-band case, zero momentum coupling between electrons and the lattice is allowed even for a constant matrix element. This is because there is a always a non-zero probability amplitude for electrons to be scattered to a different band with zero momentum transfer. Finally, to remain consistent with our previous assumptions of confining ourselves to a minimal model, we ignore the coupling between phonons and the electromagnetic field. This will have no effect on the order at which order-parameter fluctuations contribute Under these assumptions, one can collect all the terms contributing to the total action (Eqs 2, 7 and 8 along with S ph ), and determine the equations of motion for σ q and Q q in the limit of zero momentum transfer (|q| → 0, we denote the variables in this limit as Q 0 and σ 0 ). This leads to a system of coupled differential equations,
where the double dots denote second derivatives,
, β 2 is the coefficient of the 1/|q| factor in the electron-phonon coupling matrix element times
, and Ω 0 is the frequency of the zero momentum optical phonon. We have also taken the vector potential (the zero momentum component of which is denoted by A i 0 ≡ A i |q|=0 ) to point along the z direction. In deriving Eqs 9 and 10, we have assumed that close to zero momentum, the frequency of the plasmon is approximately a constant at ω ω p . These equations of motions can be solved for Q 0 (t) for a Gaussian pulse with a small width τ (compared to the inverse frequencies of the individual modes) centered around t = 0, and we obtain for t > 0
. (11) We have chosen the initial conditions such that the amplitude and velocity of the individual modes are zero at t = −∞. The individual frequencies of the oscillation are given by
where we have defined ω 2 ≡ (Ω 2 0 − ω 2 p ) 2 − 4β 2 . Thus, the normalized change in reflectivity follows (approximately in phase) the modulations caused by the phonon oscillations with the new frequencies ω 1,2 . These two frequencies can be extracted experimentally from the reflectivity oscillations and, with prior knowledge of the optical phonon frequency (Ω 0 , which can be measured from a region of the phase diagram where the fluctuations are small), the frequency of the collective mode (ω p ) and the strength of the electron-phonon coupling (β 2 ) can be determined.
For the simpler case of plasmon oscillations we study in this section, the assumption that the frequency is approximately constant (ω ω p ) in the plasmon-phonon coupling (close to zero momentum) can be lifted without much difficulty. In Fourier space, the coupled differential equations of motion for σ 0 (ω) and Q 0 (ω) are given by y . Note that we have decomposed the electron phonon interaction in the B1g channel as well, and again ignored diagrams coupling phonons to the gauge field,.
(again in the limit
We have introduced a new electron-phonon coupling constantβ 2 to be consistent with the units used previously. The effect of retaining the frequency dependence in the electron-phonon coupling is to force the characteristic polynomial determining the pole structure in Q 0 (ω) to be of third order. Hence, an additional frequency appears superposed on the coherent phonon oscillations. These frequencies, denotedω i , can be evaluated exactly in the limit of small electron-phonon couplinḡ
Once the three frequencies above are extracted from experiment, Ω 0 , ω p and β 2 can be evaluated without any prior knowledge of the bare optical phonon frequency.
NEMATIC FLUCTUATIONS
As an example of an order parameter fluctuation that couples differently to the electromagnetic field, we consider fluctuations above the nematic ordering transition (in the isotropic phase). Since we are interested in a nematic collective mode in the zero-momentum limit, just as in the case of plasmons, we require that the mode be gapped at |q| → 0. This is ensured by the presence of long range interactions in three dimensions that can be decomposed into various irreducible representations of the underlying point group. In the nematic channel for a square lattice, the decomposition will result in a k 2 x − k 2 y (B 1g ) form factor in the nematic susceptibility [10, 11] . For simplicity, we will confine ourselves to the case where q is taken to zero along the axis perpendicular to the anisotropy; although this is not the most general treatment of the problem, our analysis can be easily extended to the case where the momentum transfers are in the plane of the anisotropy. To see that the nematic fluctuations are gapped at zero momentum transfer, we have to evaluate the nematic susceptibility [11] 
where
, V is the volume and k is the dispersion. Similar to the Lindhard function, χ n 0 (q, iω m ) ∼ q 2 for |q|v f ω, and hence, long range interactions yield a gap in the fluctuation spectrum. Moreover, due to the long-range character of the interactions, even though we work in the continuum limit, the nematic collective mode (like the plasmons) is undamped. This is in contrast with known results [39, 40] where, in the presence of screening, damping effects dominate in the isotropic phase, and hence, collective mode oscillations become effectively indetectable. In addition, recent experiments [41, 42] in the high temperature superconducting pnictides detect a well defined collective mode as the temperature is lowered, indicating that long-range interactions or lattice effects could be important in keeping the modes sharp and detectable by femto-second spectroscopy.
To write the action for the nematic fluctuations, we replace the interaction term in Eq 1 with (see [39] )
where F (r − r ) contains the long-range part of the interaction andF (∂ 2 (x,x ) , ∂ 2 (y,y ) ) contains the B 1g form factors. Unlike Ref [39] , however, we have chosen our interaction to be long-ranged. We now follow the same procedure outlined in the previous section for plasmons. After performing the Hubbard-Stratonovich transformation and expanding in powers of fluctuations about the uniform saddle point, the second-order term (see Fig 2(a) ) contributing to the effective action for the nematic fluctuation order parameter σ n q (the superscript n denotes a nematic order parameter fluctuation) is given by (in the limit
where ω n is the nematic gap given by ω n = 8πe
105 , and k f is the Fermi wave vector. In the same limit, the coupling between phonons and σ n q is evaluated as (see Fig 2(b) )
Note that to obtain Eq 22, we decomposed the electronphonon interaction in the B 1g channel as well, introducing two (k 2 x − k 2 y ) form factors, and thus keeping the coupling between the nematic fluctuations and phonons nonzero.
The interaction between electrons and light (and thus between σ n q and the gauge field), however, is constrained by minimal coupling, and cannot be decomposed into B 1g lattice form factors. Thus at second order, we can only have one factor of (k 2 x − k 2 y ) whose average value vanishes in the isotropic phase. The lowest non-zero contribution to the σ n q − A q coupling obtains from fourth order terms (see Fig 3; the third order triangle diagrams vanish since they are antisymmetric in the internal momenta). There are two classes of fourth-order terms−those where the fields σ q is zero and, as discussed before, align the vector potential along the zaxis. For small momentum transfers, the diagrams can be cast in the following form
Here G i (ω q k ) and K(ω q k ) are rational functions of the Matsubara frequencies ω q k with a pole like structure, whose exact forms are bulky and less enlightening. To simplify Eq 23, we assume spatially uniform fluctuations and gauge fields, and that the fluctuations have approximately a constant frequency ∼ ω n as we did for plasmons near q → 0 (this approximation cannot be made for the frequency of the gauge field since it fails to conserve energy and typically the pump pulse is broad). Under these approximations, the functions G i (ω q k ) and K(ω q k ) (which are now functions of only the gauge frequencies) acquire poles at ω qi = ±ω n , ±2ω n . Fourier transforming into time domain, simplifying using the Dirac delta functions, and performing standard contour integrals, we rewrite the contribution from the nematic-gauge field coupling term as
Here the function f is an oscillatory function of ω n t, and depends on the strength of the external pulse field (note that one factor of A z 0 appears in f (iω n t) after performing the Fourier integrals). Thus, unlike the case of plasmons, due to the lowest-order coupling between σ n 0 −A q being quadratic in σ n 0 (t), the effect of the fourth-order term is to change the frequency of the collective mode. Collating all the terms in Eqs 21, 22, 23 (along with S ph ), and re-writing them in time domain, we find that the equations of motion for σ n 0 (t) and Q 0 (t) are determined bÿ
Here β 2 is given by the product of e √ 4πv that depends on the strength of the external field, and is treated as a parameter that can be obtained experimentally. The Eqns 25, 25 can be solved for non-zero initial amplitudes and zero initial velocities for t < 0 (pulse is incident at t = 0). When the frequency of the nematic mode is similar to that of the coherent phonons (ω n ∼ Ω 0 , which is typically the case experimentally), one obtains a beating pattern in the phonon oscillations (and hence the change in reflectivity) as shown in Fig 4. With knowledge of the frequency of the pure coherent phonon oscillations Ω 0 , the electronic collective mode frequency, ω n , and the coupling to phonons, β 2 , can be extracted in the weak field limit. The effect of γ 2 , then, is to change the period of the beating pattering by varying the effective frequency of the nematic collective mode. This is depicted in Fig 4 for a simple co-sinusoidal form of f (iω n t), with a pulse having a Gaussian electric field profile. Hence, the coupling between light and nematic collective modes (γ 2 ) can be obtained by changing the intensity of light and observing the shift in the beating pattern.
EXPERIMENTS IN FeSe
The absence of (static) ordered phases in the iron chalcogenide compound FeSe makes it an ideal playground for probing fluctuations. In order to utilize the results and test the predictions presented here, several ultrafast techniques could be employed e.g., time-resolved (tr ) x-ray diffraction (XRD), ultrafast electron diffraction (UED) or tr -optical spectroscopy. To be specific, we suggest that an ultrafast XRD experiment applied to FeSe on a substrate might be an excellent test case. If a femto-second optical pump signal, with THz energies, is used to excite coherent optical phonons, a subsequent femto-second X-ray pulse could serve to probe coherent phonon spectral behavior through Bragg peak oscillations. Hence, it should be possible to extract the electron-phonon coupling strength and the nematic collective mode frequency. In this experiment, the nematic fluctuations should be observed as a shift in the optical phonon oscillations. We note that the results of this experimental proposal can be compared to the recent pump-probe measurements [36] which employed both tr XRD and tr -ARPES to determine the electron-phonon coupling strength in FeSe.
SUMMARY
In summary, we described a minimal model that can be used to detect electronic order parameter fluctuations using ultrafast coherent phonon spectroscopy in three dimensions. We focused on two particular order parameter fluctuations in the zero momentum limit−collective (isotropic) modes in the charge density (plasmons), and charge nematic collective modes when the wave vector is taken to zero along a direction perpendicular to the plane of anisotropy (on a square lattice). After performing a perturbation expansion in the fluctuations while treating the electromagnetic field and phonons classically, we derived effective actions for the coupling of the respective collective modes with phonons and the electromagnetic field. Unlike plasmons which couple to light at quadratic order, we found that, due to the B 1g form factor in the nematic susceptibility, nematic modes couple to light only at quartic order. Hence, to lowest order, the coupling between electrons and the electromagnetic field contributes a driving force for plasmons but a frequency shift for nematic fluctuations. We finally determined the equations of motion for the individual collective modes and phonons, and demonstrated how one can extract useful electronic information such as the frequency of the collective mode and electron-phonon/light couplings. Our work provides a first basic theoretical framework for the detection of collective modes using ultrafast coherent phonon spectroscopy, and bears a special relevance to recent time-resolved experiments that have become increasingly popular probes of exotic quantum matter.
